Abstract. We show that the scattering of a general spin-0 sector of dark radiation off the pre-recombination thermal plasma results in undetectably small spectral distortions of the Cosmic Microwave Background.
Introduction and Conclusion
The existence of dark radiation, i.e. an additional contribution to the relativistic energy density of the universe beyond that of the photons and the neutrinos of the Standard Model, As dark radiation contributes to the total energy density of the universe, it leads to an increase in the Hubble expansion rate. The primordial helium mass fraction, Y p , is quite sensitive to the expansion rate during BBN and may -in combination with the primordial deuterium abundance -be compared with the observationally inferred primordial light element abundances to provide constraints on the baryon-to-photon ration η and ∆N eff . By this method, recent BBN determinations of ∆N eff give [1] ,
at the 68% confidence level. Similarly, using the data from [2, 3] , reference [4] found Independently, the amount of dark radiation present during the epoch of recombination can be constrained by the precise distribution of the CMB anisotropies. An increased expansion rate during recombination results (upon keeping the angular size of the sound horizon, θ s , fixed) in an increased Silk damping of the high-l multipoles [5] . The best-fit estimates provided by the Planck collaboration are, ∆N eff CMB = 0.26 ± 0.27 , (1.5)
for (Planck+WP+highL+BAO) and, ∆N eff CMB = 0.48 ± 0.25 , ( 6) for the combination (Planck+WP+highL+BAO+H 0 ) that includes the measurement of the locally observed value of the Hubble constant [6] . 1 2 In addition, upon assuming that ∆N eff remains constant between BBN and recombination, a joint analysis of the CMB data from the Planck collaboration and the inferred primordial deuterium abundance gives [1] , ∆N eff BBN+CMB = 0.23 ± 0.28 .
(1.7)
By including the recent observational determination of Y p [2] , reference [4] found, ∆N eff BBN+CMB = 0.40 ± 0.17 .
(1.8)
In sum, both the CMB and BBN analysis give inconclusive hints of the existence of dark radiation at the 1-2.5σ level. The Planck experiment is expected to continue to improve the bounds on ∆N eff with a projected sensitivity of ±0.2 [14] . Future CMB polarisation experiments may obtain a sensitivity to ∆N eff of ±0.044 [15] .
A conclusive observation of ∆N eff > 0 would imply either that the energy density in the neutrino sector is greater than predicted by the Standard Model, or alternatively, the existence of an additional, light particle specie. Such particles may in principle be produced via thermal freeze-out, or non-thermally, say via the decay of some heavy particle. Thermally produced light, weakly interacting particles that decouples at time t = t d.r. before neutrino decoupling t d.r. < t ν , contribute to the dark radiation density by, 9) where c = 1, 2, 4/7 for Majorana fermion, Dirac fermions, and scalars, respectively. Here g (t) denotes the effective number of thermal relativistic degrees of freedom at time t, e.g. at the time of neutrino decoupling, g (t ν ) = 10.75. For example, sterile neutrinos that decouple simultaneously with the Standard Model neutrinos contribute with ∆N eff = 1 (by construction), while a very weakly interacting light particle that decouples before tt-annihilation when g (t d.r. ) ≥ 106.75, contributes with,
It follows that a detection of ∆N eff > 0 would not directly constrain the spin of the dark radiation particle, even in the relatively simple context of thermal dark radiation. For a review of the predictions of various thermal models, see e.g. [16, 17] .
For non-thermally produced dark radiation, there is no general relation between ∆N eff and spin, but we note that for dark radiation arising from the decay of a field Φ of mass m Φ which reheats the universe and which may also decay into some light hidden sector scalars φ and fermions ψ through the Lagrangian,
the corresponding decay rates are given by, 12) for m ψ m Φ , and 13) for m φ m Φ . Thus, the decay channel into light hidden sector scalars tend to dominate over decays into hidden sector fermions. This generic expectation has been found to be realised in several stabilised string models in which moduli decay into the visible sector and light hidden sector generically produce pseudo-scalar dark radiation [18] [19] [20] [21] . The amount of dark radiation produced at reheating is then given by,
Dark radiation directly produced from moduli decay never thermalise and have a char-
T CM B T CM B , which should be contrasted with the general prediction of thermal models of dark radiation, E φ ≈ T φ T CMB .
Thus, interesting values for ∆N eff can be obtained either through thermal production or non-thermally, and to observationally discriminate between different models, additional observables need to be considered. Potentially, the close proximity of the CMB spectrum to a perfect blackbody provide one such observable, and in this paper we derive the corresponding general prediction for spin-0 dark radiation.
As we will review in §2, heat transfer into the thermal plasma before recombination can induce deviations of the CMB spectrum from the Planck spectrum. In particular, if the plasma is heated after the time when photon number changing processes cease to be efficient (at around z ≈ 2 · 10 6 ) but while electrons and photons are still tightly coupled by Compton scattering (which ceases to be the case around z ≈ 5·10 5 ), energy injected into the plasma distorts the CMB spectrum into a Bose-Einstein distribution with a chemical potential, µ. Later energy injections into the plasma result in Compton y-type spectral distortions. No such distortions have been observed, and the FIRAS experiment on the COBE satellite constrained the µ-distortion parameter to be, 15) and y < 1.5 · 10 −5 [22, 23] . By combining COBE/FIRAS data with data from the TRIS experiment, a somewhat tighter bound, |µ| < 6 · 10 −5 , was derived in [24, 25] . Next generation experiments may lower these limits by 3-4 orders of magnitude [26] .
To illustrate how bounds on spectral distortions may constrain a general sector of dark radiation, we will for the purpose of this introduction (and this introduction only) consider a simplified model in which dark radiation deposits energy into the plasma by scattering,
The resulting CMB spectral distortion parameter µ is well approximated by [27] , 17) where J (t) denotes a 'window function' which we will in this introduction take to be equal to a unit-height step-function between t i = t(z = 2 · 10 6 ) and t f = t(z = 5 · 10 5 ). The µ-parmater induced by the scattering of dark radiation is then given by,
More illuminating, the COBE/FIRAS+TRIS bound |µ| < µ F IRAS = 6 · 10 −5 can be expressed as a bound on the scattering cross-section as,
where we have introduced H i = H(z = 2 · 10 6 ) = 5.5 · 10 −23 eV. Thus, bounds on spectral distortions can give strong direct constraints on scattering rates and couplings between dark radiation and matter.
The purpose of this paper is to show that such constraints are harmless if the dark radiation sector consists of either scalars of pseudo-scalars. To do so, we write down the effective theory for a spin-0 particle coupled to the thermal plasma with interaction strengths subjected to current, independent observational constraints. We then compute the dominant scattering rates of inverse Primakoff scattering, elastic scalar-Compton scattering and pair production. Using these rates, we evaluate the heat exchange between the plasma and the dark radiation and determine the corresponding spectral µ-distortion via equation (1.17) . Our results are simple to state: for any physically motivated model of spin-0 dark radiation,
Late-time spectral distortions are similarly undetectably small.
Before concluding this introduction, we would like to comment on how this paper relates to previous works on special distortions from axion-like particles (ALPs). It has long been appreciated that axion-like particles can convert into photons in the presence of a classical background magnetic field [28, 29] . If one assumes the existence of a primordial magnetic field on cosmological scales, photons may convert into ALPs on their way from the surface of last scattering to us, thereby causing distortions of the CMB [30] [31] [32] [33] [34] . Decaying massive axions may also contribute to the spectral distortions, as discussed in [35, 36] . Furthermore, in the presence of primordial magnetic fields and ALP dark radiation, additional constraints can be derived [37] . In all cases, the ALPphoton conversion probability is very sensitive to the magnitude of the primordial cosmic magnetic field (with P ∼ B 2 in the simplest case), which is unknown and observationally only bounded from above, c.f. e.g. [6] . Thus, if an ALP is discovered by other means, CMB spectral distortions may be used to better constrain the primordial magnetic field.
In contrast, while ALP-plasma scattering is subdominant in the presence of a large classical magnetic field, the process remain active even in the absence of such a field, and in this paper we compute the relevant cross-sections and scattering rates. Our results stresses the 'darkness' of ALP dark radiation: relativistic, weakly coupled pseudo-scalars may exist in abundance in our universe, yet leave few detectable traces for experimental and observational searches to target. These results are consistent with those obtained from a study of the effect of ALP dark radiation on BBN [38] , and further highlights the special status of potential signals of ALP dark radiation, such as ALP-photon conversion in galaxy cluster magnetic fields [39, 40] . This paper is organised as follows: in §2, we review how energy depositions into the thermal plasma may result in spectral distortions of the CMB, in §3 we write down the effective Lagrangian for baryons, electrons and photons coupled to a light scalar or pseudo-scalar particle. In §3.2 and §3.3, we compute the dominant scattering rates for the inverse Primakoff, Compton, and pair production processes. In §4, we compute the corresponding distortions of the CMB and discuss our results.
CMB spectral distortions from dark radiation
The close proximity of the CMB spectrum to a perfect black body indicates that the thermal plasma in the early universe was close to thermal equilibrium well before recombination at z rec ≈ 1100. In this section, we briefly review how an imperfect thermalisation can lead to distortions of the CMB. There are many excellent and more detailed accounts of these processes, and our brief review follow [41, 42] . Recently, the physics of CMB spectral distortions has attracted much attention as the possibility of a new generation of experiments which may significantly improve the bounds by COBE/FIRAS have been considered [26] , see e.g. [43] [44] [45] [46] [47] [48] .
After e + e − annihilation, the universe was filled with a hot and tightly coupled plasma consisting of photons, electrons and baryons. Compton scattering, e+γ → e+γ, of photons off electrons was by far the dominant interaction and served to re-distribute photon energies. With only Compton scattering contributing to the collision operator of the Boltzmann equation, the photon occupation number, f (t, x e ), is determined by the Kompaneets equation [49, 50] ,
where x e = ω/T e for the electron temperature T e , and where,
From equation (2.1) it follows that any induced deviation from a thermal spectrum evolves into to a Bose-Einstein distribution of the form,
with, in general, a non-vanishing and frequency dependent chemical potential µ(x). The relaxation of the photon spectrum into the thermalised Planck spectrum with µ = 0 then requires that additional, photon changing processes act efficiently over the expansion time-scale.
The leading photon-number changing processes in the plasma are (inelastic) doubleCompton scattering, e + γ → e + γ + γ, and (less importantly) bremsstrahlung, e + X → e + X + γ. Taking these processes into account, the full evolution of the photon occupation number is given by,
as in reference [41] . The photon-number changing processes allow for an evolution of the µ-parameter according to the differential equation [27] ,
where we have followed the notation of [42, 51] and denoted
denotes the production rate of new photons from bremsstrahlung and double Compton scattering, e.g.
Numerical studies of (2.5) have shown that arbitrarily large distortions of the photon spectrum relax back to the full thermalised spectrum as long as these distortions are introduced sufficiently early, more specifically at red-shifts z > z th where [42, 52] ,
Conversely, for perturbations to the photon spectrum induced at redshifts z < z th , the photon number changing processes cannot efficiently relax the chemical potential to zero, and such perturbations may leave an imprint on the CMB in the form a spectrum with a non-vanishing µ-parameter.
At low enough red-shifts,
Compton scattering ceases to be efficient in establishing kinetic equilibrium. Heat deposited into the electrons at z rec < z < z C source Compton y-type spectral distortions of the CMB. Intermediate type distortions which are not well-described by superimposed µ-type and a y-type distortion have been considered in [53] . In §4, we will see that the dominant contributions to spectral distortions from scattering arise from processes which are not kinematically accessible at low red-shifts, and we will therefore in this paper we will focus on µ-type spectral distortions.
Intrinsic photon production is inefficient in the plasma during the µ-era, and spectral distortions are sourced by any deposited heat which is not accompanied by the appropriate change in photon number: more precisely, unless
spectral distortions result. Under the assumption that double-Compton scattering is the dominant photon number changing interaction (which is well-motivated at high enough frequency), a simplified formulae for the present-day µ-parameter sourced by some injected heat Q(t) was derived in [27, 41] , and is given by, 13) where the 'window function' J is to a good approximation given by J (z) = e −(z/zµ) 5/2
[44] with,
In §4 we will solve (2.13) to obtain the µ-parameter for heat and photon number changing processes sourced by scalar dark radiation.
One additional aspect of the thermalisation process will be important for us: at very low frequencies, x < x crit. , the double Compton and bremsstrahlung scattering rates become competitive with elastic Compton scattering, and the spectrum is quickly returned to the Planck distribution. The frequency at which the rates become equal is red-shift dependent and given by,
where,
In §4, we will account for this effect by restricting the range of red-shifts for each mode, ω(z), to those which satisfy ω(z) > x crit. (z)T CM B (z).
Scattering of spin-0 dark radiation
In this section, we construct the effective theory for scalar and pseudo-scalar dark radiation coupled to the thermal plasma. We then proceed to compute the relevant scattering rates for pair production and absorption processes.
Effective field theory of dark radiation
We consider a low-energy effective theory (EFT) consisting of a hypothetical sector of spin-0 dark radiation, φ, and the tightly coupled thermal plasma of H and 4 He baryons, electrons, and photons. The EFT description is applicable for processes with √ s < Λ EFT ≈ Λ QCD , beyond which QCD effects have to explicitly be taken into account. The full Lagrangian may be written as,
were the renormalisable contribution to the visible sector Lagrangian is,
Here the index i in principle runs over all the visible sector fermions, which at energies below Λ EFT include the leptons and the baryons. In §3.2 and §3.3 we will consider scattering of φ off particles which are already present in the plasma as well as particles f which are kinematically accessible through the pair production process φ+γ → f +f . Thus, we take the sum over i to run over electrons, muons, and the H and 4 He baryons. We note that muon pair production will only be relevant for processes √ s close to the cut-off of the EFT, beyond which the hadronisation processes following quark/antiquark production to meson final states will significantly modify the analysis. In this EFT, we omit the Standard Model neutrinos and the mesons. The neutrinos are decoupled from the plasma during the period of interest and will be unimportant for our discussion of spectral distortions, and the mesons will only contribute through pair production processes at √ s Λ EFT , and can safely be neglected.
The scalar sector of dark radiation has a Lagrangian,
We will make the well-motivated assumption that φ has very weak self-interactions, and -since we are studying dark radiation before recombination -we will only consider the highly relativistic limit in which m φ /E φ (z C ) 1. In practice, this means that we neglect V d.r. (φ) and only consider massless scalars.
Famously, light spin-less bosons tend to be technically unnatural unless protected by an approximate symmetry which becomes exact as the mass is taken to zero. Supersymmetry is one example of such a symmetry, but the lack of superpartners with masses close to those of the Standard Model particles indicate that supersymmetry -if at all realised in nature -must be broken at a comparatively high scale and cannot protect the potential of a light scalar. Alternatively, φ is technically natural if it appears as a (pseudo-)Nambu-Goldstone boson arising of a spontaneously broken (approximate) global shift symmetry, φ → φ + const.. For such axion-like particles (ALP's), the shiftsymmetry ensures that the field only has derivative couplings and that quantum effects only generate contributions to the mass proportional to the breaking of the symmetry, which may naturally be small. The leading order non-renormalizable operators mediating interactions between an ALP and the particles in the thermal plasma is given by,
where we have written the interaction term ∂µφ 2Λψ γ µ γ 5 ψ in its non-derivative form.
4
The suppression scales Λ 1 = g
ai are subject to stringent astrophysical and laboratory constraints (see e.g. [57] for a review). Bounds obtained from globular cluster stars require the axion-photon suppression scale to be [58] 5) and the coupling to electrons to be suppressed by
Restrictions on the ALP-Compton scattering off 4 He bounds the coupling to nucleons,
Finally, we note that the suppression strength for ALP-muon interactions is in comparison less constrained [16] ,
In this paper we do not consider the lepton number changing operator,
which is more constrained than the coupling to either type lepton, Λ 2µe 1.6 · 10 9 GeV [57] .
For the sake of completeness, we will also consider the couplings of unprotected scalars which may interact with the particles in the plasma through the 'dilaton-like' and Yukawa-type operators,
We emphasise that, in addition to being technically unnatural, such light scalar fields may cause severe cosmological problems which we do not address in this paper. For scalars, the Globular cluster constraints require [57] ,
Stronger constraints on Λ 3 can be obtained by considering the cosmological evolution of the vacuum expectation value of φ. In particular, the non-observation of variations in the fine-structure constant impose stringent bounds (for a review see [59] ). Furthermore, the effect of fluctuations of the fine-structure constant on the CMB is discussed in [60, 61] . For the purpose of this paper we will simply note that even for couplings which are close to saturation of the bound (3.10), the scattering rate of scalar dark radiation will be too small to significantly distort the CMB blackbody spectrum.
Finally, we note that the coupling to electrons is constrained by Λ 4e > 3.9 · 10 10 GeV . In addition, analogously to equation (3.8) we take,
as an approximate constraint on the scalar-muon coupling.
In section §4 we will show that even with the strongest, non-excluded couplings to matter, any physically motivated model of ALP or scalar dark radiation does not give rise to a significant distortion of the CMB spectrum.
Pseudo-scalar-plasma scattering
In this section we compute the cross-sections of the leading interactions of an ALP with the plasma. The relevant processes are pair production (c.f. figure 1) , Compton-like scattering (c.f. figure 2 ) and Primakoff scattering (c.f. figure 3 ).
For the sake of clarity, we will here state the notation conventions used throughout this section and §3.3. A scalar or pseudo-scalar field is denoted by φ and is considered to be massless and weakly coupled. For the purpose of this section, the energy distribution of φ is arbitrary, but we note that in §4 we will only consider a monoenergetic population of dark radiation with particle energy E φ . The four-momentum of an incoming or out-going scalar particle is denoted by k 1 . Furthermore, an incoming or out-going photon, γ, has four-momentum k 2 so that k 
Pair production
The pair production process φ + γ → f +f tends to be the dominant interaction process between φ and the plasma at high enough ALP energies. While we here keep f arbitrary, we note that only electron and (possibly) muon pair production processes are consistent with √ s < Λ EFT . As illustrated in figure 1 , three diagrams contribute to this process at tree-level. Two of these diagrams involve the ALP coupling to the fermion, and the last diagram proceed through an ALP-photon interaction. Here, we will take the interference term between the first two diagrams into account, but we will neglect the interference between these two diagrams and the third diagram. We expect this to be a good approximation for Λ 1 ≈ Λ 2f / √ α, and else to give a scattering rate which will differ in detail (but to the order of magnitude) from our expression. Pair production process 1: We sum over final state spins and average over incoming photon polarisation to obtain the squared amplitude of the first two diagrams, which in the notation explained in the beginning of this section is given by, 1 2 pol.
14)
The photons are Planck distributed at temperature T , and after integrating over the angle between the incoming ALP and photon momenta we obtain the scattering rate,
where λ = 2m 2 /(E φ ω 2 ) ∈ [0, 2] and
Pair production process 2: The third process of figure 1 proceeds through an off-shell photon. After summing over final state spins and averaging over initial photon polarisation we find the squared matrix element, 1 2 pol.
The scattering rate is given by,
where, 
Compton and Primkoff scattering
In the Compton-like process of figure 2 and the (inverse) Primakoff process of figure 3 , ALPs are absorbed in the plasma. In this section we will compute the corresponding scattering cross-sections. In principle, the amplitude of the Compton process should be added coherently to that of the Primakoff process, but here we compute the scattering rate of the Compton process separately from that of the Primakoff process, thus neglecting an interference term which could change the detailed expression for
Compton-like ALP-absorption: After summing over the final state photon polarisation and averaging over the spin of the incoming fermion we find the squared matrix element,
For the time-period of interest for CMB spectral µ-distortions, T m e , and the incoming fermion is approximately stationary in the rest frame of the plasma, i.e. p 1 ≈ (m, 0). The cross-section is then given by,
where we have introduced the notation r = E φ /m. The scattering rate from the Compton process is given by Γ Compton = a f n B (T )(σv) Compton where, denotes the fractional abundance of electrons, Hydrogen ions and Helium ions, respectively, and η = n B /n γ ≈ 6.1 · 10 −10 [4] . Finally, we note that in the r → 0 limit,
(1 + O(r)) .
(3.22)
Inverse Primakoff: For the Primakoff processes of figure 3 , the amplitudesquared is given by 1 2
The 1/(k 1 · k 2 ) = 1/t pre-factor indicates that this cross-section has a collinear divergence in flat Minkowski space which must be regularised. In higher order computations such singularities are cancelled by bremmstrahlung contributions. Here there is no such cancellation, but the cross-section is regularised by environmental effects. In the prerecombination thermal plasma, the transverse polarisation of the photon obtains an effective mass through the plasma frequency, 24) and it's tempting to conclude that this mass regulates the intermediate state on-shell divergence. However, the correct regulator is the Debye-Hückel inverse radius, k, outside which the plasma screens the proton or electron charge with an effective Yukawa potential [62] ,
where
Hereñ denotes the weighted number of charged particles,
where we in the last two steps have specialised to the primordial plasma consisting of electrons, hydrogen and helium (with a mass fraction Y p ).
In the co-moving laboratory frame, the regularisation of the collinear divergence results in a red-shift independent enhancement of the cross-section by,
For E φ /T 3 · 10 −6 -which contains the entire physically well-motivated region of parameter space -the log-enhanced terms dominate the cross-section. Truncating to the leading order expression, the Primakoff scattering cross-section is given by,
Scalar-plasma scattering
In this section, we will discuss the pair production and absorption processes for scalar dark radiation interacting with the plasma through the Lagrangian (3.9). 
Pair production
Pair production process 1: Starting with pair production through the scalarfermion coupling, i.e. considering the first two diagrams of figure 1 , the polarisationsummed squared amplitude is given by,
The thermally averaged scattering rate in the comoving rest frame of the plasma is then given by,
where, again, λ = 2m 2 /(E φ ω 2 ) and,
Pair production process 2: The second pair production process proceeds through the 'dilation' coupling of equation (3.9) and results in a squared amplitude of,
The thermally averaged cross-section is then,
Compton and Primkoff scattering
We now turn to the absorption processes of scalar-Compton scattering and the scalar Primakoff process.
Compton-like scalar absorption: After summing over final state polarisations and averaging over the initial spin, the squared matrix element for the Compton-like process is given by,
The resulting scattering cross-section is given by,
Here again, we have denoted r = E φ /m, and we note that in the r → 0 limit,
(3.37)
Inverse scalar-Primakoff: The scalar Primakoff process of figure 3 has a squared matrix element of, 38) which again exhibits a collinear divergence which is regularised at the Debye-Hückel inverse radius. Considering only the collinearly enhanced terms, the cross-section is simply given by, 39) with k as in equation (3.26) . The scattering rate is given by, 
Results
We are now ready to compute the µ-parameter from the scattering rates obtained in §3.2 and §3.3. We will throughout this section assume a mono-energetic population of dark radiation with energy E φ (z) so that the dark radiation distribution function f φ (ω) is given by,
Heat transfer and change of photon number
While pair production processes are relevant only if the characteristic energy of the dark radiation is sufficiently high, the Compton-like process and the Primakoff process operate at all temperatures. Furthermore, considering the diagrams of figures 2 and 3 with time running from right to left, it is immediately clear that both directions of energy exchange must be considered, i.e. energy leakage from the plasma into the dark radiation sector may well be competitive with the dark radiation energy deposit into the plasma.
In addition, each of the processes considered in §3.2 and §3.3 lead to a net change in photon number by +1 (for the pair production process we assume φ + γ → f +f → γ + γ), so that the second term of equation (2.13), which we repeat here for clarity,
may contribute significantly to the final value of the µ-parameter.
Pair production
We will now evaluate the differential contribution to the final µ-parameter from the pair production processes, φ + γ → f +f , for scalars and pseudo-scalars. For √ s < Λ EFT , the only available final states are the electron and possibly the muon.
The rate at which heat is deposited in the plasma is given by,
where Γ tot p.p. (E φ ) is the sum of the scattering rates of equations (3.15) and (3.17) in the pseudo-scalar case, and the sum of (3.31) and (3.33) in the scalar case.
The net photon number change is,
3)
The differential change in the µ-parameter is then given by
8 4 11
4/3
To obtain the corresponding contribution to the µ-parameter, this contribution is weighted by the window function and numerically integrated over the entire µ-epoch.
Compton and Primkoff scattering
While the pair production process considered in the previous section is unidirectional, scattering of the Primakoff and Compton-type may proceed in either direction, i.e. we need to consider φ+f ↔ γ +f . The cross-sections satisfy σv| φ+f →γ+f = σv| γ+f →φ+f = σv(ω), so the heat exchange from the Primakoff and Compton-like scattering channels may be written as, 5) where k runs over the Primakoff and Compton scattering rates. The φ + f → γ + f process increases the photon number by one unit so thaṫ
It then follows that the differential contribution to the µ-parameter is given by,
where we have denoted (σv) tot = (σv) Primakoff + (σv) Compton .
Discussion: Small spectral distortions from scalar and pseudo-scalar scattering
In this section, we evaluate the spectral distortion from the scattering processes considered in §3.2 and §3.3 by numerically integrating the sum of equations (4.4) and (4.7) for both scalars and pseudo-scalars. Our main results are presented in figures 4 and 5.
Heat deposited into the plasma at red-shift z with low enough energy, E(z) < x crit. (z)T γ (z), does not contribute to the µ-parameter, as discussed in §2. As x crit is z-dependent, this limits the range of red-shifts for which low-energy heat transfer can have an impact on µ [41] . Hence, dark radiation with a present-day energy of E φ < E min = 4.3 · 10 −7 eV does not contribute to the µ-parameter at any red-shift, and provides a natural low-energy cut-off. The high-energy cut-off is provided by the EFT constraint √ s < Λ EFT ≈ Λ QCD . For the pair production processes, √ s ∼ T γ (z)E φ (z). The EFT description is then valid for √ s 240 MeV, which restricts the present-day particle energy to E φ E max = 62 MeV.
We now note that the energy range, E min ≤ E φ ≤ E max , includes all models discussed in §1. Thermal models of dark radiation satisfy [26] . The solid red vertical line indicates the CMB temperature and the dashed vertical black line indicates the boundary of applicability for the EFT, √ s ≈ Λ EFT ≈ Λ QCD . The dotted green vertical line indicates the maximum attainable energy for the non-thermal models discussed in the main text. At high energies, the pair production processes dominates. Electron-positron production peak at E φ ∼keV, as indicated by the dashed purple curve, and µ + µ − pair production peak close to Λ EFT . The upper dashed orange line indicates the muon contribution to the chemical potential for Λ 2µ = 2·10 6 GeV as in equation (3.8) and the lower purple dashed line corresponds to Λ 2µ = Λ 2e = 1.0 · 10 9 GeV. For illustrative purposes, the yellow dashed line indicates the naive expectation of the contribution from p +p− pair production, though this process is not accessible in our EFT. At lower energies, Compton and Primakoff scattering off electrons, hydrogen and helium dominate, as is indicated by the dashed purple, green and orange lines, respectively. The total contribution to the µ-parameter is given by the solid black line, and the dashed black line indicates the total contribution for Λ 2µ = Λ 2e .
satisfied by all generic models of thermal dark radiation. For non-thermal dark radiation produced at reheating through 2-body modulus decay (as discussed in §1), the present-day characteristic ALP energy is E φ ≈ (M P l /m Φ ) 1/2 T CM B [38] , where again, m Φ denotes the mass of the decaying particle. The reheating temperature is given by T reheat ∼ m 3/2 Φ /M 1/2 P l , and by requiring that this temperature is high enough for successful BBN to proceed, i.e. T reheat > O(1 MeV), the modulus mass must satisfy m Φ 30 TeV. It then follows that E φ 2 keV E max . We thus conclude that our effective field theory approach should be sufficient to describe the vast majority of models of spin-0 dark radiation.
We will now discuss some of the prominent features of figures 4 and 5. For low E φ , the pair production processes is never kinematically accessible and the Compton and Primakoff processes for scattering off electrons, hydrogen or helium dominate. For E φ m, these processes have constant scattering rates (as shown in §3.2). By taking ρ d.r. constant while lowering E φ , the number density of dark radiation particles increases, and so does the number of low-energy photons produced from Primakoff and Compton scattering. According to equation (4.7), this makes µ ∼ 1/E φ at low enough energies, which explains the increase of the contribution from scattering off electrons and helium at low and decreasing energies. However, for E φ < E min , photon number changing processes are efficient in the plasma and this low-energy increase does not enhance the spectral distortion to observable levels.
At E φ ≈ 100 eV, e − e + pair production becomes kinematically accessible which increases the induced distortion somewhat, but never beyond µ ≈ 10 −11 . In the wellmotivated case in which Λ 2µ = Λ 2e , this is also the largest induced value of µ for any dark radiation model describable in the EFT. Taking the value of Λ 2µ to be given by equation (3.8) , the spectral distortion is significantly enhanced as muon pair production becomes kinematically accessible, and may even give rise to distortions which are detectable by next generation experiments. We note however that there are three strong reasons against this case being realised:
1. the constraint on Λ 2µ is comparatively weak, and is quite likely never saturated in a realistic ALP or scalar model which simultaneously satisfies the constraints on Λ 1 and Λ 2e , 2. there is, to us, no known production mechanism of such high energy primordial dark radiation, 3. pion production from couplings between φ and quarks may become important and may modify the distortion for E φ ≈ Λ EFT .
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